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Abstract. Some properties of monotonicity and convexity of the q-Schurer
-Stancu operators are considered. The paper contains also numerical examples based on Matlab
algorithms, which verify these properties.
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1. PRELIMINARIES
In the last decades, the application of q-calculus represents one of the most in-
teresting areas of research in approximation theory. Lupas¸ [12] introduced in 1987
a q-type of the Bernstein operators and in 1997 another generalization of these op-
erators based on q-integers was introduced by Phillips [16]. Their approximation
properties were studied by Videnskiiˇ [18], N. Mahmudov [13], T. Acar and A. Aral
[1] and O. Dalmanoglu [9, 10]. In time, many authors have been studied new classes
of q-generalized operators ([2–4, 6, 7, 17]).
Before proceeding further, we mention some basic definitions and notations from





1 q ; q ¤ 1;
k; q D 1:
The q-factorial integer and the q-binomial coefficients are :
ŒkqŠD

ŒkqŒk 1q : : : Œ1q; k D 1;2; : : :






ŒkqŠŒn kqŠ ; .n k  0/:
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The q-analoque of .x a/nq is the polynomial
.x a/nq D

1; if nD 0;
.x a/.x qa/ : : : .x qn 1a/; if n 1:
Let p be a non-negative integer and let ˛;ˇ be some real parameters
satisfying the conditions 0  ˛  ˇ. In 2003, D. Ba˘rbosu [8] introduced for any
















Recently, P.N. Agrawal, V. Gupta and A.S. Kumar [5] introduced the class of q-
Schurer-Stancu operators. For anym 2N, p a fixed non negative integer number and
˛;ˇ some real parameters satisfying the conditions 0  ˛  ˇ, they constructed the
class of generalized q-Schurer-Stancu operators


















If ˛ D ˇ D 0 the above operators reduce to the Bernstein-Schurer operators intro-
duced by Muraru in [14].
Lemma 1 ([5]). For the operators defined in (1.1) the following properties hold
1. QS .˛;ˇ/m;p .e0;q;x/D 1;















The next result is based on Popoviciu’s technique and it is expressed in terms of
the first order modulus of continuity.
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2. MONOTONICITY OF THE q-SCHURER-STANCU OPERATORS
Oruc and Philips [15] showed that for a convex function f on [0,1], the q-Bernstein
polynomials are monotonic decreasing. In this section we will prove a similar result
for q-Schurer-Stancu operators.
Theorem 2. Let f be a convex and increasing function on Œ0;pC 1. Then, for
0 < q  1 and ˇ  Œpq
qp
,
QS .˛;ˇ/m 1;p.f;q;x/ QS .˛;ˇ/m;p .f;q;x/; (2.1)
for 0 x  1 and m 2.




















































h QS .˛;ˇ/m 1;p.f;q;x/  QS .˛;ˇ/m;p .f;q;x/i




















































































































































































From (2.2) it is clear that each  k.x/ is non-negative on Œ0;1 for 0  q  1 and
thus, it suffices to show that each ak is non-negative.
Since f is convex on Œ0;pC 1, for any t0; t1 such that 0  t0 < t1  pC 1 and
any , 0 <  < 1, we have
f .t0C .1 /t1/ f .t0/C .1 /f .t1/: (2.3)
Let t0 D Œk 1qC˛
Œm 1qCˇ , t1 D
ŒkqC˛
Œm 1qCˇ and D q
mCp k Œkq
ŒmCpq . Then
0  t0 < t1  pC 1 and 0 <  < 1 for 1  k  mCp  1. If we replace them in





























































































from the inequality (2.4) we obtain ak  0, k D 1;mCp 1.
Therefore QS .˛;ˇ/m 1;p.f;q;x/ QS .˛;ˇ/m;p .f;q;x/:
For q D 1 and 0 x < 1 in a similar way the property (2.1) is verified.
For q D 1 and x D 1 we have












Theorem 3. If f is convex, then for all m 1 and 0 < q  1 it follows
i) QS .˛;ˇ/m;p .f;q;x/  f .x/, for x 2 Œ0;1, f increasing on Œ0;1 and
ˇ D ˛C ", " 2 0;qmŒpq;






, f increasing on Œ0;1 and
ˇ > ˛CqmŒpq;





, f decreasing on Œ0;1 and
ˇ > ˛CqmŒpq .
Proof. We consider the knotes xk D ŒkqC˛
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ŒmqCˇx  x for ˇ D ˛C ,  2 Œ0;q





ŒmqCˇx  x for ˇ > ˛Cq










ŒmqCˇx  x for ˇ > ˛Cq






The theorem is proved using the monotony of function f and the inequalities a)-
c). 
3. NUMERICAL EXAMPLE
Davis [11] proved that for any convex function f , the classical Bernstein polyno-
mial is convex and the sequence of Bernstein polynomials is monotonic decreasing.
Oruc and Philips [15] extend these results for the Bernstein
operators in q-calculus for 0 < q  1 . In this section we will verify numerically
these properties for the q-Schurer-Stancu operators.
TABLE 1. The q-Schurer-Stancu operators
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In Table 1 are calculated the values of the q-Schurer-Stancu operators QS .3;5/30;6 .f;q;x/
and QS .3;5/90;6 .f;q;x/ for f .x/D x3exC1 and q D 0:9. Also, in the Figure 1 are given
the graphics of these operators.

















FIGURE 1. The monotonicity of the q-Schurer-Stancu operators
In the next part of this section we will give some numerical examples which verify
the inequalities proved in Theorem 3.
Example 1. If n D 50, p D 5, ˛ D 3, ˇ D 3:0211, q D 0:9, f .x/ D x3exC1, it
follows QS .˛;ˇ/m;p .f;q;x/ f .x/ for all x 2 Œ0;1.














FIGURE 2. The q-Schurer-Stancu operators for increasing function
and ˇ D ˛C 
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Example 2. If n D 50, p D 5, ˛ D 3, q D 0:9, ˇ D 8:0211, f .x/ D x3exC1, it
follows QS .˛;ˇ/m;p .f;q;x/ f .x/ for all x 2 Œ0;0:375.














FIGURE 3. The q-Schurer-Stancu operators for increasing function
and ˇ > ˛CqmŒpq
Example 3. If nD 50, pD 5, ˛D 3, qD 0:9, ˇD 8:0211, f .x/D e x2 , it follows
QS .˛;ˇ/m;p .f;q;x/ f .x/ for all x 2 Œ0:375;1:












FIGURE 4. The q-Schurer-Stancu operators for decreasing function
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